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We study the perturbative generation of higher-derivative Lorentz violating operators as quantum correc-
tions to the photon effective action, originated from a speciﬁc Lorentz violation background, which has 
already been studied in connection with the physics of light pseudoscalars. We calculate the complete 
one loop effective action of the photon ﬁeld through the proper-time method, using the zeta function reg-
ularization. This result can be used as a starting point to study possible effects of the Lorentz violating 
background we are considering in photon physics. As an example, we focus on the lowest order correc-
tions and investigate whether they could inﬂuence the propagation of electromagnetic waves through the 
vacuum. We show, however, that no effects of the kind of Lorentz violation we consider can be detected 
in such a context, so that other aspects of photon physics have to be studied.
© 2016 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.1. Introduction
Since the years 1990s, a systematic search for Lorentz symme-
try breaking in a wide range of phenomena has been undertaken 
by both experimental and theoretical physicists, using as a fun-
damental tool the Standard Model Extension (SME) developed by 
Kostelecky and collaborators [1,2]. The idea is to incorporate in 
the Standard Model (SM) Lagrangian new terms involving constant 
background tensors, thus introducing Lorentz violation (LV) while 
maintaining fundamental properties such as renormalizability and 
gauge invariance. The extension of this idea to include gravity was 
ﬁrst worked out in [3], and it has been recently extended to in-
clude higher derivative operators involving LV [4,5]. More on the 
status of this subject can be found for example in [6].
One natural question is the origin of such a multitude of LV 
terms added to the SM Lagrangian. They might arise from a spon-
taneous breaking of Lorentz symmetry in a more fundamental 
theory, such as String Theory [7], but they could also be derived 
as quantum corrections in an extended theory of electromagnetic, 
scalar or gravitational ﬁelds involving couplings of these ﬁelds to 
heavy spinor ﬁelds in a Lorentz breaking manner. This idea was 
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SCOAP3.developed in [8], where one of the simplest Lorentz-breaking ex-
tensions of electrodynamics, the CFJ model [9], was shown to arise 
in the low-energy effective action of a particular LV model where 
a massive fermion is integrated out. This idea was extended to the 
perturbative generation of other LV terms: in [10], for example, we 
have shown how a model including a massive fermion that couples 
in a LV way to the gauge ﬁeld Aμ and to a pseudoscalar φ can gen-
erate the coupling between an axion-like particle and the photon, 
which is very relevant for contemporary experimental searches for 
axions or other light pseudoscalars. Our aim now is to study the 
physical consequences of one of the couplings introduced in [10], 
this time focusing on the pure Maxwell sector of the theory.
It is known that a very eﬃcient tool for obtaining the com-
plete low-energy one-loop effective action is the proper-time 
method [11] (for a review, see for example [12]), which was 
adapted for gauge theories in [13]. Within the study of the Lorentz 
violating theories, the only example we know of the application 
of this method is given in [14] where it was used to obtain the 
non-Abelian CFJ and the gravitational Chern–Simons terms as per-
turbative corrections in some LV models.
In this work, we adopt the version of the proper-time method 
based on the zeta function regularization to obtain the complete 
low-energy effective action of the gauge ﬁeld in the Lorentz-
breaking extension of QED which we considered [10]. The effective 
action thus calculated can be used as a starting point for the study 
of further physical effects of these LV couplings. With this idea  under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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tion of electromagnetic waves in the one-loop corrected theory. 
It is known that certain Lorentz-breaking extensions of QED dis-
play birefringence and rotation of the polarization plane of elec-
tromagnetic waves in the vacuum [15–19]. Furthermore, different 
issues related to wave propagation in various Lorentz-breaking ex-
tensions of QED were studied in a number of papers [20–29]. 
However, there is up to now a very small number of studies of 
wave propagation in higher-derivative Lorentz-breaking theories, 
such as [30–32], where Lorentz-breaking modiﬁcations up to third 
order in derivatives were studied, and issues related to unitarity 
and causality were considered. It is worth to mention that other 
higher-derivative contributions to the effective action, also up to 
the third order in derivatives, were shown to emerge as quantum 
corrections [33–35].
Considering our model in particular, the one loop corrections 
we take into account are the standard nonlinear corrections to the 
Maxwell theory, known as the Euler–Heisenberg Lagrangian, with 
the contributions of ﬁrst order in the LV parameters. Since there 
are active precision experiments involving photons propagating in 
a strong magnetic ﬁeld [36,37], this study could pinpoint a win-
dow of opportunity to probe for the LV background we consider. 
We write the modiﬁed Maxwell’s equations in vacuum, but ﬁnd 
out that no modiﬁcation due to LV in the wave propagation ap-
pears in our model. However, we point out that an experimental 
bound on the mass M could in principle be derived once these 
experiments are able to measure the nonlinear corrections with 
suﬃcient precision.
In section 2, we shall describe the Lorentz-breaking extension 
of QED that we consider, which is a subset of the model consid-
ered in [10]. The calculation of the one-loop low-energy effective 
action for the photon ﬁeld is presented in section 3. The ﬁrst order 
corrections generated in the Maxwell action are made explicit in 
section 4, and there we show the LV does not modify wave prop-
agation in the vacuum. Section 5 summarizes our conclusions and 
perspectives.
2. The model
We consider a high energy model containing the photon ﬁeld 
Aμ and a single massive charged fermion ﬁeld ψ . The Lagrangian 
describing our model is given by
L= − 1
4
Fμν Fμν + ψ¯
[
i/∂ − M − γ μ(gAμ + Fμνdν)
]
ψ , (1)
where Fμν = ∂μAν − ∂ν Aμ is the ﬁeld strength, M is the fermion 
mass and g is the electric charge. Within our model, LV enters via 
the nonminimal CPT-breaking interaction dν Fμνψγ μψ , where dμ
is a constant background vector (not an axial vector as in [9]). Our 
main interest in this particular interaction comes from the fact that 
it was shown to lead to relevant results for the search of axion-like 
particles [10], which motives us to investigate further physical con-
sequences of this term.
Since we assume the fermion mass to be very high, in the low-
energy regime we can integrate in the fermion ﬁeld, expressing the 
one loop effective action S(1)eff [A] by means of a functional trace as 
follows,
S(1)eff [A] = −Tr ln
(
i/∂ − M − γ μ A˜μ
)
, (2)
where
A˜μ = gAμ + Fμνdν . (3)
In terms of the operator D˜μ = ∂μ + i ˜Aμ , the effective action in 
Eq. (2) can be written asS(1)eff [A] = −Tr ln
(
i /˜D − M
)
. (4)
We note that the proper-time method requires the use of an even-
order differential operator [12], so we rewrite the trace on the 
previous equation as follows,
Tr ln
(
i /˜D − M
)
= 1
2
Tr
[
ln
(
i /˜D − M
)
+ ln
(
i /˜D − M
)]
= 1
2
Tr
[
ln
(
i /˜D − M
)
+ ln
(
−i /˜D − M
)]
= 1
2
Tr ln
(
/˜D
2 + M2
)
, (5)
where in the second line we have inserted γ5γ5 = I and used of 
the cyclicity of the trace. Thus we can write
S(1)eff [A] = −
1
2
Tr ln
(
D˜2 + iμν F˜μν + M2
)
, (6)
where
μν = 1
4
[
γ μ,γ ν
] ; F˜μν = ∂μ A˜ν − ∂ν A˜μ . (7)
This form of the one loop effective action is suitable for the eval-
uation by means of the proper-time method, as we show in the 
next section.
3. Evaluation of quantum corrections
We calculate now the explicit form of the one-loop contribution 
to the effective action in Eq. (6) using the zeta function regular-
ization (for a review on this approach, see [38]). The zeta function 
ζ(s) is an important tool used to represent functional determinants 
in quantum ﬁeld theory, and it is written in terms of the integral 
over proper time τ as follows
ζ (s) = 1

 (s)
∞∫
0
τ s−1Tr
(
e−Oτ
)
dτ , (8)
where O represents an dimensionless differential operator. It fol-
lows from this expression that 
(
dζ
ds
) ∣∣∣∣∣
s=0
= Tr (lnO), and therefore
S(1)eff [A] = −
1
2
(
dζ
ds
)∣∣∣∣∣
s=0
, (9)
where, for the sake of our work,
O ∼ D˜2 + iμν F˜μν + M2 . (10)
Equation (9) summarizes the use of the zeta function method for 
obtaining the one-loop quantum corrections. Up to our knowledge, 
although it has been applied in many physically interesting models 
including gravity [38] and supersymmetric ﬁeld theories [13], this 
method was never used for the study of Lorentz-breaking theories.
Now, let us brieﬂy describe how we apply the zeta function ap-
proach in our model, following [13]. Substituting Eq. (10) in Eq. (8), 
we have
ζ (s) = 1

 (s)
∞∫
0
dτ τ s−1e−
m2τ
μ2 K˜
(
τ
μ2
)
, (11)
where we identify the kernel trace
K˜
(
τ
2
)
= e−
τ
μ2
D˜2
tr
{
e
−i τ
μ2
μν F˜μν
}
. (12)μ
334 L.H.C. Borges et al. / Physics Letters B 756 (2016) 332–336Here the trace is taken over spin indices, and the μ parameter 
has mass dimension one and is introduced to make the differential 
operator in Eq. (10) dimensionless. The kernel trace can be related 
with the local kernel through the expression
K˜ (τ ) =
∫
d4x tr
{
e−i τμν F˜μν
}
K (τ ) , (13)
with
K (τ ) = lim
x→x′
e−τ D˜2δ4
(
x− x′) . (14)
Substituting Eq. (13) in Eq. (11), we obtain
ζ (s) = 1

 (s)
∞∫
0
dτ τ s−1e−
m2τ
μ2
∫
d4x tr
{
e
−i τ
μ2
μν F˜μν
}
K
(
τ
μ2
)
.
(15)
To ﬁnd an explicit expression for K (τ ), one may repeat all the 
steps described in [13], arriving at
K (τ ) = 1
16π2τ 2
det
[
−τ i F˜
sinh
(−τ i F˜ )
]1/2
, (16)
where in this expression the tensor F˜ is considered as a four by 
four matrix in calculating the determinant. Therefore,
ζ (s) = μ
4
16π2
1

 (s)
∞∫
0
dτ τ s−3e−
m2τ
μ2
×
∫
d4x tr
{
e
−i τ
μ2
μν F˜μν
}
det
⎡⎣ −τ i F˜
μ2 sinh
(
− τ
μ2
i F˜
)
⎤⎦1/2 .
(17)
To calculate the trace and the determinant in the right-hand side 
of the Eq. (17), we carry out the expansions
det
⎡⎣ −τ i F˜
μ2 sinh
(
− τ
μ2
i F˜
)
⎤⎦1/2
= 1− τ
2
12μ4
F˜ 2 + τ
4
144μ8
[
2
5
Tr
(
F˜ 4
)
+ 1
2
F˜ 4
]
+ · · · , (18)
where Tr means a trace over the spacetime indices of F˜ , i.e.,
Tr
(
F˜ 2
)
= F˜μν F˜νμ = − F˜ 2 , Tr
(
F˜ 4
)
= F˜μν F˜να F˜αβ F˜βμ , (19)
and
tr
{
e
−i τ
μ2
μν F˜μν
}
= tr (I) − i τ
μ2
tr
(
μν F˜μν
)
− τ
2
2μ4
tr
(
μν F˜μν
)2 + i τ 3
6μ6
tr
(
μν F˜μν
)3
+ τ
4
24μ8
tr
(
μν F˜μν
)4 + · · · . (20)
It can be shown that
tr
(
μν F˜μν
)2 = −2 F˜ 2 ; tr (μν F˜μν)4 = F˜ 4 − (∗ F˜μν F˜μν)2 ,
(21)
whereas traces of an odd number of  matrices vanish, and 
the dual electromagnetic tensor is deﬁned as ∗ F˜μν = 1μναβ F˜αβ . 2Putting all this together, we obtain the one-loop quantum correc-
tions to the effective action of the photon ﬁeld Aμ in the form
S(1)eff [A] = −
1
48π2
∫
d4x
{
− ln
(
M2
μ2
)
F˜ 2
+ 1
8M4
[
2
15
Tr
(
F˜ 4
)
− 1
3
F˜ 4 − 1
2
(∗ F˜μν F˜μν)2
]
+ 1
16M8
F˜ 2
[
2
5
Tr
(
F˜ 4
)
+ 1
2
(∗ F˜μν F˜μν)2]
+ 5
96M12
[
F˜ 4 − (∗ F˜μν F˜μν)2][2
5
Tr
(
F˜ 4
)
+ 1
2
F˜ 4
]
+ · · · · · ·
}
. (22)
The Lorentz violation is implicitly taken into account inside the 
F˜μν , since from (3) and (7), we have
F˜μν = gFμν + dλ
(
∂μFνλ − ∂ν Fμλ
)
, (23)
and, for example
F˜ 2 = F˜μν F˜μν = g2Fμν Fμν + 4gdα Fμν
(
∂μF να
)
+ 2dλdα
[(
∂μFνλ
) (
∂μF να
)− (∂μFνλ) (∂ν Fμα)] .
(24)
The Lorentz violation causes a space–time anisotropy that leads us 
to a preferred frame, in other words, we expect a dependence of 
physical measurements on the directions of the Lorentz violation 
parameters. To make evident such dependence, one may rewrite 
Eq. (24) explicitly in terms of the electric and magnetic ﬁelds E
and B respectively, up to the ﬁrst order in the LV parameter, as 
follows
F˜ 2 = 2g2
(
B2 − E2
)
+ 4g
{(
d0
)
[B · (∇× E) + E · (∂0E)]
− d · [E× (∂0B)]+ E · [∇ (d · E)]+ (∇ · B) (d · B)
− B · [∇ (d · B)]+ d · [(∇× B) × B]
}
(25)
thus unveiling the dependence of the action on the orientation of 
the ﬁelds E and B with respect to the Lorentz violation parameter 
dν = (d0, d).
Summing up the results of this section, the full effective action 
Seff [A] can be represented in the following way
Seff [A] =
∫
d4x
[
−1
4
Fμν Fμν + g
2
48π2
ln
(
M2
μ2
)
Fμν Fμν +LF 4
+ g
12π2
ln
(
M2
μ2
)
dα Fμν
(
∂μF να
)+ · · ·] .
(26)
The second term in (26) is similar to the standard vacuum po-
larization correction to the Maxwell theory. The third is the low-
est order non-linear correction to the Maxwell theory, which in 
the case of QED is known in literature by the name of Euler–
Heisenberg term (for a review, see f.e. [39]). More explicitly, from 
Eq. (22), we obtain
LF 4 = −
1
8π
· 1
48πM4
[
2
15
Tr
(
F˜ 4
)
− 1
3
F˜ 4
− 1
2
(∗ F˜μν F˜μν)2]
∣∣∣∣∣ , (27)
dν=0
L.H.C. Borges et al. / Physics Letters B 756 (2016) 332–336 335which, by using that
Tr
(
F˜ 4
) ∣∣∣∣∣
dν=0
= g4
[
2
(
E2 − B2
)2 + 4 (E · B)2] , (28a)
F˜ 4
∣∣∣∣∣
dν=0
= 4g4
(
E2 − B2
)2
,
(∗ F˜μν F˜μν)2
∣∣∣∣∣
dν=0
= 16g4 (E · B)2 , (28b)
can be cast as,
LF 4 =
R
8π
(
E2 − B2
)2 + S
8π
(E · B)2 , (29)
where
R = g
4
45πM4
, S = 7R . (30)
This reproduces the well known Euler–Heisenberg Lagrangian, the 
ﬁrst nonlinear corrections due to QED, if the charge g and the 
mass M are taken as the electron charge e and mass m, respec-
tively [40]. The fourth term in (26) represents the correction due 
to LV in the model. The ellipsis in Eq. (26) denotes higher orders 
corrections both in the power of ﬁelds, and of the LV parameters, 
which will not be considered in this work.
The standard Euler–Heisenberg corrections of QED are quite 
small effects, which are nevertheless expected to be probed in 
the near future, investigating modiﬁcations in the propagation of 
photons in a region with a strong magnetic ﬁeld, as the vac-
uum magnetic birefringence [36,37]. The nonlinear effects in our 
model are actually smaller, since they involve the mass M which 
is much larger than the electron mass. On general, LV effects are 
also expected to be very tiny, since no evidence for them has been 
observed so far. We assume that, in principle, nonlinear and LV ef-
fects in our model are comparable, so that none will be discarded, 
and we perform a more robust analysis of the possible effects of 
the LV background we are considering. Therefore, we will not study 
wave propagation considering only the terms quadratic in F ap-
pearing in Eq. (26), which would amount to study modiﬁcations of 
wave propagation originated only from the LV, but we will include 
also the effects of the non-linearities in the ﬁelds, thus including 
all the terms presented in Eq. (26) in our analysis.
4. Electromagnetic wave propagation
In this section we investigate the possible inﬂuence of the 
Lorentz-violation background described by Eq. (1) in the electro-
magnetic wave propagation in the vacuum. It is convenient to 
rewrite Eq. (26) as follows,
Seff [A] =
∫
d4x
[
− 1
16π
(
1+ Cg2
)
Fμν Fμν
+LF 2 −
Cg
4π
dα Fμν
(
∂μF να
)+ · · ·] , (31)
where C = − 13π ln
(
M2
μ2
)
. In this equation, we have changed the 
normalization of the ﬁelds to coincide with the ones used in [40]. 
The covariant ﬁeld equations derived from Eq. (31) read
∂μ
[(
1+ Cg2
)
Fμν − R (Fαβ Fαβ) Fμν − S
4
(∗Fαβ Fαβ) ∗Fμν
+ Cgdα
(
∂α Fμν + ∂μF να − ∂ν Fμα)]= 0 . (32)The modiﬁed Maxwell’s equations derived from this action are 
more conveniently written in terms of the vectors D and H de-
ﬁned as
Di = 4π ∂
∂Ei
[
− 1
16π
(
1+ Cg2
)
Fμν Fμν +LF 4
]
, (33a)
Hi = −4π ∂
∂Bi
[
− 1
16π
(
1+ Cg2
)
Fμν Fμν +LF 4
]
, (33b)
or, more explicitly, as,
D=
(
1+ Cg2
)
E+ 2R
(
E2 − B2
)
E+ S (E · B)B , (34a)
H=
(
1+ Cg2
)
B+ 2R
(
E2 − B2
)
B+ S (E · B)E . (34b)
With these deﬁnitions, the equations of motion derived from 
Eq. (31) are given by
∇ ·D= −Cgd · {−∇ × (∇ × E+ ∂0B)} , (35)
and
−∂0D+ (∇×H) = −d0∇ × [∇ × E+ ∂0B]
+ d · ∇ [∂0E− ∇ × B]− d×
[
∂20B− ∇2B
]
− ∇ (d · [∂0E− ∇ × B]) , (36)
together with the unmodiﬁed equations
∇ · B= 0 , ∇× E= −∂0B . (37)
The nonlinearity in the electromagnetic ﬁelds is encoded in the 
left hand side of Eqs. (35) and (36). Due to the nonlinearity, one 
cannot simply state that the right hand side of these equations 
vanishes in the vacuum, as they would in the linear electrody-
namics. It is true, however, that the nonlinear corrections to the 
usual Maxwell equations are of ﬁrst order in the small coeﬃ-
cients R and S , and since the right hand side of Eqs. (35) and 
(36) is already of ﬁrst order in the LV parameter dμ , this nonlin-
ear corrections would amount to a second order effect, that can 
be disregarded. The outcome is that the LV parameter disappears 
from (35) and (36), which reduce to
∇ ·D= 0 , (38a)
−∂0D+ (∇×H) = 0 . (38b)
Now these equations are identical in form to the ones used to ﬁnd 
the usual Euler–Heisenberg modiﬁcations to wave propagation (see 
for example [41]), so they will predict the same kind of effects, 
except in our case we expected them to be smaller than in the 
usual QED, since they involve inverse powers of the large mass M .
As an example, one may consider weak electromagnetic ﬁelds 
EP and BP propagating in the presence of a constant, strong mag-
netic ﬁeld B0. More speciﬁcally, one assumes
E= EP ;B = B0 + BP , (39)
with the conditions
|EP |  (R)−1/2, (S)−1/2 , (40)
|BP |  B0  (R)−1/2, (S)−1/2 , (41)
which allows one to linearize the equations, thus ﬁnding plane 
waves solutions. In this case, one ﬁnds different dispersion rela-
tions depending whether the electric ﬁeld EP is perpendicular or 
parallel to the constant magnetic ﬁeld B0,
ω⊥ = k
(
1− 7RB
2
0
2
)
, ω‖ = k
(
1− 2RB20
)
, (42)
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results are of the same form as in the usual QED, except they are 
much smaller since Eq. (30) involves the fermion mass M , much 
larger than the electron mass.
In conclusion, even if wave propagation in vacuum cannot yield 
any experimental constrains on the LV parameter dμ , the model 
we consider in this work, involving a very massive fermion ﬁeld 
which intermediates the LV appearing in very high energy to the 
low energy effective action of the photon ﬁeld, still generates a 
correction in the standard Euler–Heisenberg Lagrangian. Therefore, 
in principle a bound on the mass M could be inferred from exper-
imental studies, insofar these become able to measure the effects 
described in (42) with suﬃcient precision.
5. Conclusions
The extension of the minimal SME to include higher derivate 
Lorentz violating couplings is a new undertaking in a very ac-
tive area in theoretical and experimental physics. Even if, by di-
mensional reasons, the nonminimal couplings are expected to be 
smaller than the minimal ones, they might be relevant in new 
physical contexts yet under experimental exploration, such as the 
interaction between photons and light pseudoscalars [10]. In this 
work, we paved the way for further explorations of the physi-
cal consequences of one of the nonminimal couplings discussed 
in [10], by calculating the corrections generated by it in the low 
energy effective action of the Maxwell ﬁeld. We used the proper-
time method, together with the zeta function regularization, to 
integrate out the heavy fermion responsible for the introduction 
of LV in our model. With this result at hand, one may study the 
consequences of this class of LV in photon phenomenology. This 
is an approach that has shown itself to be rather fertile in the 
context of the minimal SME, providing strong phenomenological 
bounds on several of the SME coeﬃcients. In our case, we were 
led to consider the case of photons propagating in a region with 
a strong, constant magnetic ﬁeld, investigating whether LV effects 
could compete with the effects of nonlinear effects induced by the 
quantum corrections, as it was done in [40] for a speciﬁc mini-
mal LV coupling. The end result was that no effects of the Lorentz 
violating parameter dμ can be detected in wave propagation in 
vacuum, and the only remnant of the high energy LV background 
we considered is actually the correction due to the presence of 
the very massive fermion in the Euler–Heisenberg Lagrangian. This 
allows in principle to ﬁnd bounds on the mass of this fermion, as-
suming these effects can be measured with suﬃcient precision.
These results leave open the question of whether other physi-
cal effects that could be drawn from the modiﬁed gauge action we 
derived in this work could leave to observable effects, thus provid-
ing bounds on these nonminimal LV couplings. This is not a trivial 
question since one should not disregard the standard nonlinear ef-
fects that are also induced from the integration of the massive 
fermion, and we believe it is an interesting line to pursue in fu-
ture works.
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